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Loss Function for Classification

Ø Classification: Use training data (xi,yi) to design a score function s for 
classification:  
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Ø Weight W: They are found by minimizing a loss function which quantifies how 
well the training data have been classified:

(1) SVM loss: 

(2) Softmax loss:

(3) Regularization: 

Li(W ) =

X

j 6=i

max(0, sj � si + 1)

Li(W ) = � log

esiP
j e

sj

E(W ) =
X

i

Li(W ) + �R(W )

Ø Q: How to minimize loss functions?
A: Steepest gradient descent

s = f(W,x) = Wx



Gradient Descent Techniques 

! Gradient descent: Most standard optimization technique!
Note: This class of techniques are weak in optimization, but they are the 
most generic when the energy landscape is difficult, that is non-convex. 
Training neural networks is (very) slow because of the gradient descent 
bottleneck new research is on-going to speed up the optimization.
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Gradient Operator
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! Two types: 

(1) Analytic gradient: 

(2) Numerical gradient: �E

�W
=

E(W +�W )� E(W )

�W

rWE =

@E

@W
= explicit formula

! Properties of numerical gradient:
(i) Approximation of analytic gradient.
(ii) Slow to evaluate (compared to analytic gradient).
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Evaluation the gradient numerically:



Analytic Gradient

Ø Properties:
(1) Exact value (use Calculus)
(2) Fast to evaluate.
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Ø Common practice: Gradient Check
Always use analytical gradient but check its implementation with 
numerical gradient.

E(W ) = kWk2F ! rWE =
@E

@W
= 2W



Update Rule

! Update: 
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Monotonicity

! Loss/energy value decreases monotonically at each iteration m:
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E(W ) =
nX

i=1

Li(W ) + �R(W )

Large value, e.g. n=billions

nX
L

Analytic gradient uses all data at the same time it is not possible 
to load all data in memory!

Q: What happens with big data? 

E(Wm+1)

E(Wm)

E

m

)



min
W

L(W ) =
nX

i=1

Li(W )

=
X

i2n1

Li(W ) +
X

i2n2

Li(W ) + ...+
X

i2nq

Li(W )

Mini-batch/Stochastic Gradient Descent
! Special property of loss functions: Additively separable functions, i.e. functions 

that are the sum of a single data function Li (independent of all other data):
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n = n1 + n2 + ...+ nq)
! Deterministic gradient descent: Wm+1 = Wm � ⌧rL(Wm)

! Stochastic gradient descent: 
) only use a small portion of the training set 

to compute the gradient

All data

W )

All data

rL(W ) =
X

i2n1

rLi(W ) +
X

i2n2

rLi(W ) + ...+
X

i2nq

rLi(W )

Wm+1 = Wm � ⌧
X

i2nj

rLi(W
m)



Mini-batch/Stochastic Gradient Descent

Ø More details:
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Iterate ne epochs: 

For each epoch, iterate over all mini-batches j=1,…,nq:

Note1: An epoch is a complete pass of all training data.
Note2: At each new epoch, randomly shuffle training data (improve 
significantly results).
Note3: Stochastic consistency:

Wm+1 = Wm � ⌧
X

i2nj

rLi(W
m)

E
⇣ X

i2nj

rLi(W
m)

⌘
m!1! 1

n

nX

i=1

rLi(W
m)

E(Wm+1)
m!1! Wm+1



Stochastic Monotonicity
! Code:
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! Loss vs epochs (iteration m):

Note1: Mini-batch size: 32, 64, 128, limited by GPU memory.
Note2: Several works to speed up optimization: Momentum, Adagrad, Adam, 

etc (later discussed), but still major bottleneck of NN training.
Note3: Stochastic gradient descent technique is not only used for large-scale neural     

networks, but also for most big data problems: k-means clustering, SVM 
classification, Lasso regression, recommendation, etc.



Influence of Learning Rate 6

! Challenging problem to find the optimal step size 67
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Small !

Large !

Optimal !
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Computational Graph
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Google Tensorflow

! Neural networks (NNs) are represented by computational graphs (CGs).
Definition: A series of operators applied to inputs. Easy to combine (lego

strategy), can be huge.
Usefulness: Clear visualization of NN operations (great for debugging).

CG are essential to derive gradients by backpropagation.

Computational 
Graph: 

=
nX

i=1

Li(W ) + �R(W )



Backpropagation

! Definition: A recursive application of chain rule along a computational 
graph (CG) provides the gradients of all weights, intermediate 
variables.
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! Chain rule: Calculus: @L

@x

=
@L(F (x))

@x

=
@L

@F

.

@F (x)

@x

! Essential property of backpropagation: It can compute the gradient of any 
variable in the CG by a simple local rule, independently of the size of the CG 
(very deep NNs).

Wm+1 = Wm � ⌧rWE(Wm)⌧rWE(Wm)



Local Rule
! Any computational graph is a series of elementary neurons (also called 

nodes, gates) The gradient of the loss w.r.t. the inputs x,y of the local 
neurons can be computed with the local rule:
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Gradient L w.r.t. x,y = 
Recursive gradient * Local gradient w.r.t. x,y

Local gradients 

Recursive gradient

Chain ruleule
L



Backpropagation Techniques

! Backpropagation consists of two steps:
(1) Forward pass/flow: Compute final loss value and all intermediate output 
values of neurons/nodes. Save them in memory for gradient computations (in 
backward step).
(2) Backward pass/flow: Compute the gradient of the loss functions w.r.t. all 
variables on the network using the local gradient rule.
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Forward low: 
Compute loss valuesBackward low: 

Compute gradient values



An Example
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! Step 1:

@f

@f
= 1
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! Step 2:



An Example
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! Step 3:

! Step …:

,4



Backpropagation Implementation
Forward and Backward Functions

! Code:
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Backpropagation Implementation
Forward and Backward Functions

! Pseudo-code:
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Gradient with Vectorized Code

! When variables x,y,z are row vectors: 
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@f

@x

=
h
@fi

@xj

i

@L

@x

=
@f

@x

.

@L

@f

Jacobian
Matrix

Jacobian

=
@f

@x

.

@

A: J size is 4096 x 4096 = 16M variables ! 

@L

@x

=
@f

@x

.

@L

@f

4096 x 1 4096 x 4096 
4096 x 1 

@x @f@x

1

! Good news: Most computations are element-wise in computational graphs, i.e. 
apply to each element x independently of the other elements. In this case, 
Jacobian = diagonal matrix Very fast computations in parallel with 
vectorized operations on CPUs.

Q: What is the size of a 
Jacobian matrix if input size is 
4096? 



Example

! Activation gate:
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Backpropagation Cost

Ø Cost forward  ≈ cost backward (slightly higher)  
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Ø Backward requires to store forward values!

Ø Mini-batch optimization with backpropagation:
(1) Sample randomly a batch of data
(2) Forward propagate to get loss values
(3) Backward propagate to get gradients
(4) Update neural network weights and other intermediate variables

⇒Works on huge computational graphs.
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Activation Functions

! Reminder: Neural network classifiers are succession of linear classifications 
and non-linear activations.
Exs: 2-layer classifier:

3-layer classifier:
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f = W2 max(W1x, 0)

f = W3 max(W2 max(W1x, 0), 0)

Activation 
function

max( 1x,



Class of Activation Functions 
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! Three issues:
(1) Saturated neurons kill gradients

Vanishing gradient problem

(2) Exp is a bit computationally expensive.

(3) Sigmoid are not zero-centered:
Suppose input neurons are always positive, then 
gradients are either all positive, or all negative: 

Sigmoid Activation

! Historically popular by analogy with 
neurobiology.
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�(x) = 1/(1 + e

�x)

r� = �(1� �)

Sigmoid 

f(z = w1x1 + w2x2) ! @f

@wi
=

@f

@z

@z

@wi
=

@f

@z

xi, xi � 0

Always zero-center your data!



Tanh Activation [LeCun-et.al’91]
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! Issue:
Kill gradients Vanishing gradient problem

! Advantage: 
Zero-centered function "

Tanh
�(x) = tanh(x)



ReLu Activation [Hinton-et-al’12]

! Advantages: 
(1) Converges 6x faster than sigmoid/tanh
(2) Does not saturate in positive region
(3) Max is computationally efficient 
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! Limitations:
(1) Not zero-centered function
(2) It kills gradient when input is negative 

Standard trick: Initialize neurons with a small positive biases like 
0.01. 

ReLu
�(x) = max(x, 0)

! ReLU (Rectified Linear Unit):



Leaky ReLu [Mass-et.al’13]
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�(x) = max(x,↵x), ↵ = 0.01

! Advantages: ReLU (Rectified Linear Unit)
(1) Converges 6x faster than sigmoid/tanh
(2) Does not saturate in positive region
(3) Max is computationally efficient
(4) It does not kill the gradient
(5) Parameter 8 can be learned by  

backpropagation.

Leaky 
ReLu

! In practice: Use ReLU, try out Leaky ReLu, expect less from tanh and 
sigmoid. 



Demo: Train Fully Connected Neural 
Networks with Backpropagation

! Run code01.ipynb
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Weight Initialization
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A: All neurons compute the same outputs and the weights are the same. 
Need to break symmetry!

! Natural idea: Use small random numbers for initialization.
W = Gaussian/normal distribution with zero mean and 1e-2 standard deviation

Works well for small networks, but not for deep networks.

Q: What happens when initial W=0 is used? 



Vanishing Gradient Problem
! Example: 10-layer net, 500 neurons on each layer, tanh activation, and 

initialization:
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layer net, 500 neurons on each layer, activation, and 

! Collect weight statistics at each layer: means, variances, histograms

All activations become zero!
Q: Why?



Vanishing Gradient Problem

! Vanishing gradient: At initialization, all weights W 
are small. This has two consequences:
(1) At each layer, output backpropagated gradient 
is small
(2) We chain all recursive gradients by 
backpropagation:
W x W x W x … x W exponential decay at each 
output (e.g. W=0.110)
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The deeper the network the lower the gradient!
This is the vanishing gradient problem (was a big issue for long time).

⇥ W
x

Wx

@Wx

@x

= W

Recursive 
Gradient

Gradient = Local gradient * 
Recursive Gradient

small!

di t



Exploding Gradient Problem

! Let us try the opposite: 
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All neurons get saturated to -1 and +1 (tanh
activation), and then the gradients = 0.

Tricky to set a good value for the mean of 
the normal distribution:

⌘

⌘ 2 [0.01, 1]

⌘

)
)



Xavier’s Initialization [Glorot-et-al’10] 
! Idea: Pick an initial W that keep all layers with variance 1:
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It scales the gradient:
(1) Large #inputs small weights
(2) Small #inputs large weights

! Theory: Reasonable initialization but mathematical derivation assumes linear
activations It works well for tanh, but not for ReLU. It needs a small change:

V ar =
X

#in

W 2 = #in
⇣ 1p

#in

⌘2
= 1

#in #out

WW

#in #out



Batch Normalization [Ioffe-Szegedy’15] 

! Motivation: Unit Gaussian activations are desirable all over the network 
let us enforce this property!
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! Formula:

x̂

k =
x

k � E(xk)p
Var(xk)

layer

k

! Node/gate in NN:

Smooth and differentiable function
Backpropagation can be carried out! "

BN along each dimension:

BN
x

k
x̂

k



Where to Insert BN in NN?

! Usually inserted after Fully Connected layers (or 
convolutional layers, next lecture) and before 
nonlinearity:
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! Q: But do we necessarily want a unit Gaussian 
input to a tanh layer?
A: Not necessarily Let the network decide by 
backpropagation.

Normalize: 

)

Then allow the network to change the range if it wants to:

x̂

k =
x

k � E(xk)p
Var(xk)

y

k = �

k
x̂

k + �

k

Note the network can learn the identity mapping if it wants to:
�

k =
q
Var(xk)

�

k = E(xk)

�

�



Properties

! Properties:
(1) Reduces strong dependence on 

initialization
(2) Improves the gradient flow through   

the network
(3) Allows higher learning rates 

Learn faster the network
(4) Acts as regularization
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! Price: 30% more computational time.

! At test time: Mean and variance are estimated during training and 
average values are selected.

Pseudo-code:



Demo: Batch Normalization 

! Run code02.ipynb
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Optimization for NNs
! Training Neural Networks:

(1) Sample a batch of data.
(2) Forward prop it through the graph, get loss values
(3) Backprop to calculate the gradients
(4) Update the parameters using gradients
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! Code (main loop):

A: Yes! Extensive works. Again 
major bottleneck.

sgd is the slowest!

Q: Can we do better than 
simple stochastic gradient 
descent (SGD) update? 



Why SGD is slow?

! Illustration:
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Loss gradient 
is steep 

vertically

Loss gradient 
is flat 

horizontally

Level set of loss

A: Trajectory is jittering (up and down) because very slow progress along flat 
directions.

Solution: Momentum update.

Q: What is the trajectory along which we converge to the 
minimum with SGD? 



Momentum [Hinton-et.al’86] 

! New update rule:
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Velocity

Friction Acceleration

Physical interpretation: Momentum update is like rolling a ball along the 
landscape of the loss function.  

! Advantages: 
(1) Velocity builds up along flat directions.
(2) Decrease velocity in steep directions.



Limitation of Momentum

Ø Momentum overshoots the minimum (too much velocity) but overall gets 
faster than SGD.
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Ø In practice: 
(1) μ = 0.5, 0.9

(2) Initialization: v=0



Nesterov Momentum

! Nesterov accelerated gradient (NAG) technique used for momentum update:
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v

t = µv

t � ⌧rf(xt + µv

t)

x

t+1 = x

t + v

t

Nesterov update:
+ µv

t)

only change

It can correct its trajectory 
faster than momentum



Energy Landscape of NNs

! Energy landscapes of NNs are non-convex       
Existence of local minimizers, which 

usually is a big issue as most local solutions 
are bad. 
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! Surprisingly, most local minimizers in large-scale networks are 
satisfactory! Why? Nobody knows.
So, initialize with random function, then it will always end up to a 
good solution, no bad local minimizers!

! The problem of local minimizers is for small-scale networks.



AdaGrad [Duchi-et.al’11]

! Origin: Convex optimization.

!"#$%&'(&%))*+ 05

! Update rule:

Prevents division by 0.Prevents division by 0.
dx

m

p
|vn+1|2

⇡ sign(dx) = ±1

The dynamics is controlled because the 
speed is ±1 It equalizes the step size in 
steep and flat directions.

! Issue: When vm gets large then xm will stop moving! 
Solution: RMSProp

dx

m+1 s 1
dx

m s 1

s 1
s 1



RMSProp [Hinton’12]
! RMSProp update rule: It does not stop the learning process.
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Adam [Kingma-Ba’14]

! Adam = Momentum + Adagrad/RMSProp
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! Adam = Default current optimization technique for NNs. 

! Hyperparamaters: :,;'0.9<':-;'0.9=



Global Learning Rate 6

! All optimization algorithms have a 
learning rate ! as hyperparameter:
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! Q: Is a constant learning rate is good? 
A: No. A learning rate should decay 
over time.

Decay learning rate at each epoch:
(1) Exponential decay
(2) Polynomial decay

⌧ = ⌧0e
��0m

⌧ = ⌧0/(1 + �0m)

! Common good practice: Babysit the loss value and the learning rate 
See Lecture03_deep_learning2_supp.pdf

Wm+1 = Wm � ⌧rWE(Wm)



Demo: Update Rules/
Neural Network Optimization

! Run code03.ipynb

!"#$%&'(&%))*+ 0/



Outline

Ø Generic Gradient Descent Techniques

Ø Backpropagation

Ø Activation

Ø Weight Initialization

Ø Neural Network Optimization

Ø Dropout

Ø Conclusion

Xavier	Bresson 55



Dropout Regularization [Hinton’14]

! Dropout: A regularization process 
tailored to NNs
Idea: Randomly set some neurons to 
zero in the forward pass.
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! How to deactivate neurons?
Use simple binary masks U.



Why It Works?

Ø It prevents overfitting: It reduces the number of parameters to learn for 
the NN.
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Ø It increases robustness of learning process: For each dropout unit, 
dropout sub-samples the NN and we learn the best weights for this sub-
network. And we do it for many different sub-networks. Besides all these 
sub-networks share weights ⇒Global consistency of weight values and 
better robustness because we learn on smaller networks.



Code
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Demo: Dropout
! Run code04.ipynb
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Summary
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! Training Neural Networks:
(1) Sample a batch of data.
(2) Forward prop it through the graph, get loss values
(3) Backprop to calculate the gradients
(4) Update the parameters using gradients

! Neural Networks = Computational Graphs
Lego approach of building large-scale NNs

! Activation functions:
(1) Sigmoid (try)
(2) Tanh (try)
(3) ReLU (default)
(4) Leaky ReLU (try)



Summary
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Ø Weight initializations:
(1) Xavier’s initialization (default)
(2) Batch Normalization (30% additional cost)

Ø Parameter updates/optimization:
(1) SGD (default)
(2) Momentum
(3) Nesterov momentum
(4) Adagrad/RMSProp
(5) Adam (default)

Ø Dropout regularization
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Step 1: Pre-Process Data

! Assume a n x d data matrix X: 
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Step 2: Choose NN Architecture

! Start small: 1 hidden layer then increase number of layers.
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! Initialization:
(1) Small networks: Normal distribution with 0.01 standard deviation
(2) Large networks: Xavier’s initialization 

Example
CIFAR:



Outline

Ø Step 1: Pre-process data

Ø Step 2: Choose NN Architecture

Ø Step 3: Monitor Loss Decrease

Ø Step 4: Hyperparameter Optimization

Ø Step 5: Monitor Test Accuracy

Xavier	Bresson 68



Step 3: Monitor Loss Decrease
! Initialization: Loss value = - log(1/#classes)
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! Add regularization: Loss value increases Good sanity check



Step 3: Monitor Loss Decrease
Ø Let us train: 
(1) First, overfit small portion of data with SGD, reg=0

⇒ Easy way to find a good value for the global learning rate τ.
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Step 3: Monitor Loss Decrease
! Let us train: 
(2) Second, reg=small then find 6

(3) Last, increase reg value
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Step 4: Hyperparameter Optimization
! Cross-validation strategy:

(1) First step: Only use a few epochs to get an idea of what values work

(2) Second step: Try out many values 
Very long computational times 
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Grid vs. Random Search
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Hyperparameters

! List:
(1) Network architecture
(2) Learning rate, decay schedule
(3) Regularization: L2 and dropout
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Step 5: Monitor Test Accuracy
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Questions?




